Abstract. We introduce a new class of locally compact groups, namely the strongly compactly covered groups, which are the Hausdorff topological groups G such that every element of G is contained in a compact open normal subgroup of G. For continuous endomorphisms φ : G → G of these groups we compute the algebraic entropy and study its properties. Also an Addition Theorem is available under suitable conditions.
In this paper we study the algebraic entropy of continuous endomorphisms φ ∈ End(G) of locally compact groups G satisfying one of the equivalent conditions stated in Proposition 1.1 below; we call these groups strongly compactly covered.
First we recall that an FC-group is a group in which every element has finitely many conjugates. It is known that a torsion group is an FC-group if and only if each of its finite subsets is contained in a finite normal subgroup (see [28, 14.5.8] ); for this reason the torsion FC-groups are also called locally finite and normal. In particular, torsion FC-groups are locally finite.
Given a topological group G, we denote by B(G) and N (G) the subfamilies of C(G) of all compact open subgroups and all compact open normal subgroups of G, respectively. Clearly, N (G) ⊆ B(G) ⊆ C(G). Proposition 1.1. Let G be a topological group. Then the following conditions are equivalent (and define G to be a strongly compactly covered group):
(1) G is a locally compact group and N (G) is cofinal in C(G); (2) there exists K ∈ N (G) such that G/K is a torsion FC-group; (3) for every g ∈ G there exists N g ∈ N (G) such that g ∈ N g .
Looking at condition (3) in Proposition 1.1, it is clear that a strongly compactly covered group is locally compact and compactly covered. In view of condition (2), a strongly compactly covered group can also be called compact-by-(discrete torsion FC-group). In particular, compact groups are strongly compactly covered.
We prove Proposition 1.1 in Section 2, where we also discuss several properties of strongly compactly covered groups. In particular (see Lemma 2.2), we have that the strongly compactly covered discrete groups are precisely the torsion FC-groups, while the compactly covered discrete groups are precisely the torsion groups. As a consequence, we see that the class of strongly compactly covered groups is strictly contained in that of locally compact compactly covered groups, as for example there exist torsion groups that are not FC-groups.
On the other hand, an abelian topological group G is strongly compactly covered precisely when it is locally compact and compactly covered (see Corollary 2.1); moreover, a locally compact abelian group is compactly covered precisely when its Pontryagin dual group is totally disconnected (see Remark 6.3) . So, some examples of strongly compactly covered abelian groups are:
(1) compact abelian groups; (2) locally compact torsion abelian groups (in particular, finite abelian groups); (3) the p-adic numbers Q p . Now recall the following property, that motivated us to study the algebraic entropy for the class of strongly compactly covered groups, since it is clear from the definition (see also Remark 3.3) that when computing the algebraic entropy it suffices to consider any cofinal subfamily of C(G). If G is a topological abelian group, then B(G) = N (G).
Fact 1.2. [10, Proposition 2.2] If G is a compactly covered locally compact abelian group, then B(G) is cofinal in C(G).
Generalizing the measure-free formula given in [8] in the abelian case, in Lemma 3.2 we prove that if G is a locally compact group, then the algebraic entropy of φ ∈ End(G) with respect to U ∈ N (G) is
In case G is strongly compactly covered, since N (G) is cofinal in C(G) by Proposition 1.1(1), we obtain (1.2) h alg (φ) = sup{H alg (φ, U ) : U ∈ N (G)}.
These formulas allow for a simplified computation of the algebraic entropy for strongly compactly covered groups.
In Section 4 we study the basic properties of the algebraic entropy for continuous endomorphisms of strongly compactly covered groups: Invariance under conjugation, Logarithmic Law, weak Addition Theorem, Monotonicity for closed subgroups and Hausdorff quotients.
We see that the algebraic entropy of the identity automorphism of a strongly compactly covered group is zero. This is not always true in the non-abelian case, in fact the identity automorphism of a finitely generated group of exponential growth has infinite algebraic entropy -see [8, 18] .
As a fundamental example we compute the algebraic entropy of the shifts, showing in particular that Invariance under inversion is not available in general for topological automorphisms φ of strongly compactly covered groups. Indeed, we find the precise relation between h alg (φ) and h alg (φ −1 ) by using the modulus of φ (see Proposition 4.9).
The so-called Limit-free Formulas provide a way to simplify the computation of both the algebraic and the topological entropy in different contexts. For example, Yuzvinski [35] provided such a formula for the algebraic entropy of endomorphisms of discrete torsion abelian groups. However, it turned out that his formula holds true for injective endomorphisms [6, 14] even though it is not true in general (see [6, Example 2.1]). A general Limit-free Formula for the algebraic entropy of locally finite groups is given in [6] , where also its counterpart for the topological entropy for totally disconnected compact groups is considered. A Limit-free Formula for the topological entropy for continuous endomorphisms of totally disconnected locally compact groups is given in [22] , extending a result from [17] .
Inspired by [4, 22] , we find in Proposition 5.3 a Limit-free Formula for the algebraic entropy that can be described as follows. For a locally compact group G, φ ∈ End(G) and U ∈ N (G), we prove that
where U − is the smallest (open) subgroup of G containing U and inversely φ-invariant (i.e., satisfying φ [4] in the setting of locally linearly compact vector spaces, "dualizing" a similar construction used for the topological entropy in [4, 22] , which was inspired by ideas of Willis [34] .
In Section 6 we compare our formula stated above with the Limit-free Formula for the topological entropy of continuous endomorphisms of totally disconnected locally compact groups obtained in [22] . This allows us to produce an alternative proof (see Theorem 6.5) for the Bridge Theorem given in [10] .
The main property of entropy functions is the so-called Addition Theorem, that means additivity of the entropy function (see Equation (1.3) below). It is also known as Yuzvinski's addition formula, since it was first proved by Yuzvinski for the topological entropy in the case of separable compact groups [35] . Later on, Bowen proved in [3, Theorem 19 ] a version of the Addition Theorem for compact metric spaces, while the general statement for compact groups is deduced from the metrizable case by Dikranjan and Sanchis in [13, Theorem 8.3] . The Addition Theorem plays a fundamental role also in the Uniqueness Theorem for the topological entropy in the category of compact groups provided by Stoyanov [29] .
The Addition Theorem for the topological entropy was recently extended to continuous endomorphisms of totally disconnected locally compact groups in [22] under suitable assumptions, in particular it holds for topological automorphisms of totally disconnected locally compact groups.
A first Addition Theorem for the algebraic entropy was proved in [12, Theorem 3.1] for the class of discrete torsion abelian groups, and was later generalized to the class of discrete abelian groups in [11, Theorem 1.1] . Note that a discrete abelian group is strongly compactly covered precisely when it is torsion.
On the other hand, it is known [18] that the Addition Theorem does not hold in general for the algebraic entropy even for discrete solvable groups (while its validity for nilpotent groups is an open problem). This comes from the strict connection of the algebraic entropy with the group growth from Geometric Group Theory (see [8, 9, 19] ).
Let G be a locally compact group, φ ∈ End(G) and H a closed normal φ-invariant (i.e., satisfying φ(H) ≤ H) subgroup of G. We say that the Addition Theorem holds for the algebraic entropy if
where φ ↾ H is the restriction of φ to H andφ : G/H → G/H is the induced map on the quotient group. We consider the following general problem. Note that it is not even known whether the Addition Theorem holds in general for locally compact abelian groups (see [8, 10] ). Problem 1.3. For which locally compact groups does the Addition Theorem hold?
As our main result, we prove in Section 7 that the Addition Theorem holds for a strongly compactly covered group G in case H is a closed normal φ-stable (i.e., φ(H) = H) subgroup of G with ker φ ≤ H. In particular we find that the Addition Theorem holds for topological automorphisms of strongly compactly covered groups (see Corollary 7.2).
In the discrete case this means that the Addition Theorem holds for automorphisms of torsion FC-groups (this is a first extension of [12, Theorem 3 .1] to some non-abelian groups), and we conjecture that the same result can be extended to all locally finite groups (see Conjecture 7.3) .
Another consequence of our Addition Theorem (see Corollary 7.7) is that, to compute the algebraic entropy of a topological automorphism φ of a strongly compactly covered group G, one can assume G to be totally disconnected; indeed, in this case the connected component c(G) of G is φ-stable and h alg (φ) = h alg (φ), wherē φ : G/c(G) → G/c(G) is a topological automorphism.
Strongly compactly covered groups
We start this section by proving Proposition 1.1 which characterizes the strongly compactly covered groups.
Proof of Proposition 1.1. (1)⇒(2) Assume first that G is a locally compact group with N (G) cofinal in C(G), and let H ∈ C(G). By the cofinality assumption, there exists K ∈ N (G) containing H.
Let X be a finite subset of the discrete group G/K containing the identity element, and consider the canonical projection q : G → G/K. Then, q −1 (X) ∈ C(G), being a finite union of cosets of the compact open subgroup K, so there exists M ∈ N (G) such that q −1 (X) ⊆ M . It follows that X ⊆ q(M ), and q(M ) is a finite normal subgroup of G/K, being compact in G/K discrete. This proves that G/K is a torsion FC-group by Lemma 2.2(3).
(2)⇒(3) Assume that there exists K ∈ N (G) such that G/K is a torsion FC-group, let g ∈ G and n ∈ N + be the order of gK in G/K. Then g ∩ K = g n , so K, g /K ∼ = g / g n is finite. As G/K is a torsion FC-group there exists a finite normal subgroup S of G/K containing K, g /K. It follows that g ∈ N g = q −1 (S) ∈ N (G), where q : G → G/K is the canonical projection.
(3)⇒(1) First of all, G is locally compact as N eG ∈ N (G). Now fix C ∈ C(G) and let us show that there exists N ∈ N (G) such that C ⊆ N . By our assumption for every c ∈ C there exists N c ∈ N (G) with c ∈ N c . The compactness of C implies that there exist finitely many
The following is a direct consequence of Proposition 1.1 for abelian groups. The implication (4)⇒ (1) is Fact 1.2, while (3)⇒(4) is trivial.
Corollary 2.1. Let G be an abelian topological group. Then the following conditions are equivalent:
(1) G is a locally compact group and
G is a locally compact compactly covered group. In particular, G is strongly compactly covered if and only if G is locally compact and compactly covered.
By Corollary 2.1, a locally compact abelian group G is compactly covered precisely when the family N (G) = B(G) is cofinal in C(G).
It is worth noting that in case G is non-abelian, B(G) need not be cofinal in C(G), even if G is compactly covered. This follows for example from Lemma 2.2 below, taking into account that there exist (necessarily non-abelian) discrete torsion groups which are not locally finite.
For a discrete group G, note that: (2) Let G be a locally finite group and X ∈ C(G). As G is locally finite, the finite subset X generates a finite subgroup F . Therefore, X ⊆ F ∈ B(G), and this proves the cofinality of B(G) in C(G).
Conversely, assume that G is not locally finite. So, there exists a finite subset F of G which generates an infinite subgroup. Without loss of generality, we may assume that e G ∈ F, so that F ∈ C(G). On the other hand, no finite subgroup K of G contains F .
(3) This immediately follows from the equivalence between the definition of locally finite and normal and the property of being a torsion FC-group (see [28, 14.5.8 
]).
As a consequence of the above lemma and in view of Proposition 1.1, we obtain that the torsion FC-groups are the strongly compactly covered groups with respect to the discrete topology.
It is easy to see that the class of discrete torsion FC-groups contains all finite groups and is stable under taking subgroups, quotients or forming direct sums. Now we extend this result to the larger class of strongly compactly covered groups.
Lemma 2.3. The class of strongly compactly covered groups is stable under taking closed subgroups and Hausdorff quotients.
Proof. Let G be a strongly compactly covered group, and let K ∈ N (G) be such that G/K is a torsion FC-group, by Proposition 1.1.
If H is a closed subgroup of G, then H ∩ K ∈ N (H). Since H/H ∩ K ∼ = HK/K ≤ G/K we deduce that H/H ∩ K is a torsion FC-group, so H is strongly compactly covered by Proposition 1.1.
Assuming that H is also normal, one has KH/H ∈ N (G/H), being the image of K in G/H. As the class of discrete torsion FC-groups is closed under taking quotients, we complete the proof using the isomorphisms
and again applying Proposition 1.1. Now we check that the class of strongly compactly covered groups is stable also under taking finite products.
Lemma 2.4. Let G 1 , G 2 be strongly compactly covered groups. Then
In particular, G 1 × G 2 is a strongly compactly covered group.
Proof. The group G 1 × G 2 is locally compact, and it suffices to prove that F is cofinal in
Algebraic entropy
In the sequel, for a group G and φ ∈ End(G), if U is a subgroup of G, we sometimes use the short notation T n for T n (φ, U ), and the equalities T n = U φ(T n−1 ) and T n = T n−1 φ n−1 (U ). In the following lemma we study the latter equality when U commutes with φ n (U ) for every n ∈ N + . In particular, if U is normal in G, we see that every T n is a subgroup of G, normal in T n+1 .
Lemma 3.1. Let U be a subgroup of a group G and φ ∈ End(G). If φ n (U )U = U φ n (U ) for every n ∈ N + , then:
(
We proceed by induction on n ∈ N + . Let n ≥ 2 and assume the inductive hypothesis T n−1 φ n−1 (U ) = φ n−1 (U )T n−1 . Then
Therefore, T n+1 = T n φ n (U ) ≤ G. Now we assume that U is a normal subgroup of G, and we prove that T n is normal in T , checking that T n is normal in T n+m for every m ∈ N. To this aim we fix m ∈ N, we write T n+m = T n φ n (T m ), and we prove by induction on n that φ n (T m ) normalizes T n . For n = 1 this follows from the normality of T 1 = U in G. Let n ≥ 2, and fix an element φ n (u) ∈ φ n (T m ). Write T n = U φ(T n−1 ), and assume that φ n−1 (u)T n−1 = T n−1 φ n−1 (u) holds by the inductive hypothesis. Then
We now prove that if U ∈ N (G), then one can avoid the use of the right Haar measure in the definition of H alg (φ, U ) given in Equation (1.1), and that the limit superior becomes a limit. This generalizes the measure-free formula given in [8] in the abelian case.
Lemma 3.2. Let G be a locally compact group, φ ∈ End(G) and U ∈ N (G). Then
Proof. If U ∈ N (G), then T n = T n (φ, U ) ∈ B(G) by Lemma 3.1 (1) , and in particular the index [T n : U ] is finite. Using the fact that T n is a disjoint union of cosets of U , and the properties of µ, we obtain µ(T n ) = [T n : U ]µ(U ), so that log µ(T n ) = log[T n : U ] + log µ(U ). As log µ(U ) does not depend on n, passing to the limit superior for n → ∞ we obtain
, and let β n = t n+1 /t n = [T n+1 : T n ]. Now we show that the sequence of integers {β n } n≥1 is weakly decreasing. Indeed,
In particular, {β n } n≥1 stabilizes, so let n 0 ∈ N, and β ∈ N be such that for every n ≥ n 0 we have β n = β, i.e. t n = β n−n0 t n0 . Then,
Remark 3.3. If G is a locally compact group, and φ ∈ End(G), then the assignment
for every cofinal subfamily B of C(G).
If G is a strongly compactly covered group, then by Remark 3.3 we obtain Equation (1.2). The latter generalizes [10, Theorem 2.3(b)], which deals with the abelian case.
Note that an equivalent formulation of Lemma 2.3 is that N (H) is cofinal in C(H) (respectively, N (G/H) is cofinal in C(G/H)) when H is a closed (respectively, closed and normal) subgroup of G. The following lemma presents smaller cofinal subfamilies of C(H) and C(G/H) in the same setting. It has a key role in proving Theorem 7.1 in view of Remark 3.3.
Lemma 3.4. Let G be a strongly compactly covered group, and let H be a closed subgroup of G. Then:
(1) the family
Proof. By Lemma 2.3, it suffices to prove that N G (H) is cofinal in N (H), and
Consider the compact open normal subgroups K and N g of G from Proposition 1.1.
(1) Let V ∈ N (H). Then V K ∈ B(G), and by our assumption on G there exists U ∈ N (G) containing V K.
In the notation of Lemma 3.4, applying Remark 3.3 we obtain the following result.
Corollary 3.5. Let G be a strongly compactly covered group, φ ∈ End(G), and H be a closed φ-invariant subgroup of G. Then:
(1) φ ↾ H ∈ End(H), and
if H is also normal, andφ : G/H → G/H denotes the induced map, thenφ ∈ End(G/H), and
Basic properties
In this section we list the basic properties of h alg of endomorphisms of strongly compactly covered groups. We start by showing that the identity map of such groups has zero algebraic entropy.
Lemma 4.1. If G is a locally compact group, then H alg (id G , U ) = 0 for every subgroup U ∈ C(G). In particular, if G is strongly compactly covered, then h alg (id G ) = 0.
Proof. Obviously, if U ∈ C(G) is a subgroup, then T n (id G , U ) = U for every n ∈ N + , so its measure does not depend on n, and H alg (id G , U ) = 0.
If G is strongly compactly covered, taking the supremum over U ∈ N (G), we obtain h alg (id G ) = 0 by Equation (1.2).
Invariance under conjugation was proved in general for endomorphisms of locally compact abelian groups by Virili [31, Proposition 2.7(1)]. This property holds true without the abelian assumption as noted in [8] . For the reader's convenience we provide a proof of this property in Corollary 4.3 using the following easy lemma. Lemma 4.2. Let α : G → G 1 be a group homomorphism, and φ ∈ End(G), ψ ∈ End(G 1 ) be such that ψα = αφ. Then T n (ψ, αK) = α(T n (φ, K)) holds for every subset K of G, and for every n ∈ N.
Proof. If K is a subset of G and n ∈ N, then
Corollary 4.3 (Invariance under conjugation). Let α : G → G 1 be a topological isomorphism of locally compact groups. If φ ∈ End(G) and ψ = αφα −1 , then H alg (φ, K) = H alg (ψ, αK) for every K ∈ C(G). In particular, h alg (φ) = h alg (ψ).
Proof. Let
is also an isomorphism, we deduce that h alg (φ) = h alg (ψ) by definition.
Now we prove the Logarithmic Law for the algebraic entropy, with respect to endomorphisms of strongly compactly covered groups.
Lemma 4.4 (Logarithmic Law)
. Let G be a strongly compactly covered group and φ ∈ End(G). Then h alg (φ m ) = m · h alg (φ) for every m ∈ N.
Proof. Since the assertion is clear when m = 0 (see Lemma 4.1), we may fix m > 0. Let us show first that
and taking the suprema over U ∈ N (G) we obtain h alg (φ m ) ≤ m · h alg (φ). To prove the converse inequality, let U ∈ N (G). Observe that
so both T m (φ, U ) ∈ B(G) and W ∈ B(G) by Lemma 3.1(1), and
As the above inequality holds for every U ∈ N (G), this proves that h alg (φ m ) ≥ m · h alg (φ), and thus h alg (φ m ) = m · h alg (φ). Given two group endomorphisms φ i : G i → G i for i = 1, 2, in the following proposition we consider the group endomorphism φ 1 × φ 2 :
Proposition 4.5 (weak Addition Theorem). Let G 1 , G 2 be strongly compactly covered groups, and let
Proof. By Lemma 2.4, the family G 2 ) , and G 1 × G 2 is a strongly compactly covered group.
For i = 1, 2 let U i ∈ N (G i ), and n ≥ 1 be an integer. Then
. Applying log, dividing by n, and taking the limit for n → ∞ we conclude that (4.1)
Now we take the suprema over U 1 ∈ N (G 1 ) and U 2 ∈ N (G 2 ) in Equation (4.1). Then the left hand side gives h alg (φ 1 × φ 2 ) by Lemma 2.4. Taking into account that H alg (φ 1 , U 1 ) only depends on U 1 , while H alg (φ 1 , U 2 ) only depends on U 2 , the right hand side of Equation (4.1) gives
We briefly mention here the monotonicity property of h alg for endomorphisms of strongly compactly covered groups, that will immediately follow from the stronger result proved in Proposition 7.5. Proposition 4.6 (Monotonicity). Let G be a strongly compactly covered group, φ ∈ End(G), H a closed normal φ-invariant subgroup of G, andφ : G/H → G/H the induced map. Then
Let F be a finite discrete abelian group and let G = G c ⊕ G d , with
Endow G d with the discrete topology and G c with the (compact) product topology, so both of them are strongly compactly covered. Endowed with the product topology, G is locally compact, and it is also strongly compactly covered by Lemma 2.4.
The left shift is
In the next example we compute the algebraic entropy of these shifts.
Example 4.7. Let p be a prime number, and Z p be the cyclic group with p elements. Consider F = Z p , i.e.,
We verify now that h alg ( Zp β) = 0 and h alg (β Zp ) = log p.
For k ∈ N + , let
Let us check that the family U = {U k : k ∈ N + } is cofinal in C(G). Indeed, let H ∈ C(G), and consider the canonical projection
By the cofinality of U in C(G) and by Remark 3.3 we can conclude.
The above example shows in particular that a topological automorphism φ of a strongly compactly covered group and its inverse φ −1 can have different algebraic entropy. Next we give the precise relation between h alg (φ) and h alg (φ −1 ), which extends [31, Proposition 2.7(3)] to some non-abelian groups.
For a locally compact group G, let Aut(G) denote the group of topological automorphisms of G. If µ is a left Haar measure on G, the modulus is a group homomorphism ∆ G : Aut(G) → R + such that µ(φE) = ∆ G (φ)µ(E) for every φ ∈ Aut(G) and every measurable subset E of G (see [23] ). If G is either compact or discrete, then ∆ G (φ) = 1 for every φ ∈ Aut(G). We also denote ∆ G simply by ∆.
Lemma 4.8. Let G be a locally compact group, φ ∈ Aut(G), and U ∈ N (G). Then 
Moreover, since U is normal in G we have that U φ(U ) is a subgroup of G, and so [φ(U ) :
Therefore,
, and the conclusion follows from item (1).
Proposition 4.9. Let G be a locally compact group, φ ∈ Aut(G) and U ∈ N (G). Then
In particular, if G is a strongly compactly covered group, then
Proof. Let U ∈ N (G). As in the proof of Lemma 3.2, for every
Moreover, H alg (φ, U ) = log β and H alg (φ −1 , U ) = log β * , where β and β * are respectively the values at which the sequences β n = tn+1 tn and β * n = t * n+1 t * n stabilize (see Equation (3.1)). Let n ∈ N + . By Lemma 3.1 we have that
is a compact subgroup of G. Since φ n−1 is an automorphism, Lemma 4.8 (2) gives
.
Therefore, since ∆ is a homomorphism, for every sufficiently large n ∈ N + ,
Then, log β = log β * + log ∆(φ), that is, the first assertion of the proposition. The second equality in the thesis follows from the first one taking the supremum for U ∈ N (G) in view of Equation (1.2).
Limit-free Formula
In this section we prove the so-called Limit-free Formula for the algebraic entropy. We start introducing the following useful subgroups.
Definition 5.1. For a locally compact group G, φ ∈ End(G) and U ∈ N (G), let:
Is is easy to prove by induction that
for every n ∈ N, so that also U − is an open normal subgroup of G for every U ∈ N (G). We collect some of the properties of U − .
Lemma 5.2. Let G be a locally compact group, φ ∈ End(G) and U ∈ N (G). Then:
(4) Using property (3) we obtain
and thus [U
For n = 1 the assertion follows from the equalities T 1 = U = U (0) . We prove the assertion for n + 1 assuming that it holds true for n ∈ N + .
To see first that
This means that x ∈ φ −1 U (n) , as needed. For the converse inclusion let x ∈ φ −1 U (n) . By the inductive hypothesis,
and thus, x ∈ φ −n−1 T n+1 .
In the following result, we generalize the Limit-free Formula for the algebraic entropy of endomorphism of torsion abelian groups, from [6, 35] . Proposition 5.3 (Limit-free Formula). Let G be a locally compact group. If φ ∈ End(G) and U ∈ N (G), then
Proof. By Equation (3.1), H alg (φ, U ) = log β, where β = β n = [T n+1 : T n ] for n ≥ n 0 for some n 0 ∈ N. So, it suffices to show that β = [U − : φ
so the sequence of the indices {[U :
} n∈N is weakly decreasing, hence it stabilizes. It follows that the sequence {U ∩ φ −1 U (n) } n∈N of subgroups of U also stabilizes, and let n 1 ∈ N be such that
Therefore, for every n ≥ max{n 0 , n 1 }, Lemma 5.2(4) gives
To conclude, we show that [
and that T n+1 /T n = (φ n (U )T n )/T n . Consider the mapping
By Lemma 5.2(5), Φ is well-defined and injective, and clearly Φ is a surjective homomorphism.
The following result was inspired by Fact 6.4 below (proved in [22] ) which is a similar result for the topological entropy.
Proposition 5.4. Let G be a strongly compactly covered group, and φ ∈ End(G). Then
Proof. Using Proposition 5.3 we obtain 
there exists a finitely generated subgroup F ≤ A such that A = φ −1 (A)F . As G is compactly covered by Proposition 1.1, there exists a compact subgroup K ≤ G such that F ≤ K. Clearly, A ∩ K ∈ N (K). So, Lemma 3.4(1) implies that there exists M ∈ N (G) such that A ∩ K ⊆ M ∩ K. We claim that (5.1)
Taking also into account that φ −1 A ≤ A we obtain
which proves Equation (5.1).
We now show that [U
Bridge Theorem
For a locally compact abelian group G, its Pontryagin dual G is the group of all continuous homomorphism G → T, equipped with the pointwise operation, and the compact open topology; by Pontryagin duality, G is a topological group such that G is canonically topologically isomorphic to G.
For a subgroup H of G, the annihilator of H in G is H ⊥ = {χ ∈ G : χ(H) = 0}, while for a subgroup A of G, the annihilator of A in G is A ⊤ = {x ∈ G : χ(x) = 0 for every χ ∈ A}. Then, for every closed subgroup H of G, we have ( In what follows, we need also the following standard properties of Pontryagin duality.
Lemma 6.1. Let B ≤ A be closed subgroups of a locally compact abelian group G. Then A/B is topologically isomorphic to B ⊥ /A ⊥ .
For a continuous group homomorphism φ : G → H, its dual is the continuous group homomorphismφ :
Lemma 6.2. Let G be a locally compact abelian group, φ ∈ End(G) and U be a closed subgroup of G.
Remark 6.3. For a topological abelian group G, the subgroup
is the biggest compactly covered subgroup of G, so G is compactly covered exactly when B(G) = G. When G is locally compact abelian, as B(G) ⊥ = c( G), one has that G is compactly covered if and only if G is totally disconnected.
The following result is a consequence of the Limit-free Formula for the topological entropy proved in [22, Proposition 3.9] .
Fact 6.4. [22, Equation (3.10)] Let G be a totally disconnected locally compact group and φ ∈ End(G). Then
Using Proposition 5.4 and Fact 6.4, which are respectively consequences of the Limit-free Formulas for the algebraic and for the topological entropy, we give in Theorem 6.5 a new and very short proof for the Bridge Theorem from [10] . Theorem 6.5. Let G be a compactly covered locally compact abelian group and φ ∈ End(G). Then h alg (φ) = h top ( φ).
Proof. Observe that G is totally disconnected by Remark 6.3.
Let A be a subgroup of G. Then the following conditions are equivalent:
Under these conditions, by Lemma 6.2 and Lemma 6.1 respectively,
which is isomorphic to A/φ −1 A, being finite. Now the thesis follows from Fact 6.4 and Proposition 5.4.
Addition Theorem
This section is dedicated to the following Addition Theorem.
Theorem 7.1. Let G be a strongly compactly covered group, φ ∈ End(G), H a closed normal φ-stable subgroup of G with ker φ ≤ H, andφ : G/H → G/H the induced map. Then
As an immediate corollary we obtain the following result for a topological automorphism φ ∈ Aut(G) of G.
Corollary 7.2. If G is a strongly compactly covered group, φ ∈ Aut(G) and H is a normal φ-stable subgroup of G, then
In particular, the Addition Theorem holds for automorphisms of discrete torsion FC-groups. These groups are locally finite, and we conjecture the Addition Theorem holds also in the bigger class of discrete locally finite groups.
Conjecture 7.3. If G is a discrete locally finite group, φ ∈ Aut(G) and H is a normal φ-stable subgroup of G, then
In the sequel, G is a strongly compactly covered group, φ ∈ End(G), and H is a closed normal φ-invariant subgroup of G. We denote by π : G → G/H the canonical projection, and byφ : G/H → G/H the map induced by φ on the quotient group. Obviously,φπ = πφ.
First we prove the following easy charaterization of the subgroups H of G that we consider.
Lemma 7.4. Let G be a group, φ ∈ End(G) and H a closed subgroup of G. The following assertions are equivalent:
(1) H is φ-stable and contains ker(φ); (2) φ −1 (H) = H and H ≤ Im(φ).
Now we prove the first half of the Addition Theorem. Note that it holds in a more general setting than Theorem 7.1. Proposition 7.5. Let G be a strongly compactly covered group, φ ∈ End(G), H a closed normal φ-invariant subgroup of G, andφ : G/H → G/H the induced map. Then h alg (φ) ≥ h alg (φ) + h alg (φ ↾ H ).
Proof. For U ∈ N (G), and n ∈ N, let T n = T n (φ, U ). Then U ≤ T n ∩ (U H) ≤ T n , so that 
Then, computing the second index in the right hand side of Equation (7.5) we obtain To compute the first index in the right hand side of Equation (7.5), first note that By our assumption, G/H is a strongly compactly covered group. As πO is an open normal subgroup of G/H, such thatφ −1 (πO) ≤ πO and [πO :φ −1 (πO)] < ∞ by Equation (7.5), Proposition 5.4 applied to G/H and tō φ implies that (7.7) h alg (φ) ≥ log[πO :φ −1 (πO)].
Summing up Equation (7.6) and Equation (7.7), and using Equation (7.5), we obtain
By the arbitrariness of O and applying Proposition 5.4 to G we conclude that h alg (φ)+h alg (φ ↾ H ) ≥ h alg (φ).
Remark 7.6. For the subclass of compactly covered locally compact abelian groups Theorem 7.1 admits an alternative proof. Indeed, one can combine the Addition Theorem proved in [22] for the topological entropy of continuous endomorphisms of locally compact totally disconnected groups with the Bridge Theorem proved in [10] (see Theorem 6.5).
The next corollary shows that when we compute the algebraic entropy of a topological automorphism of a strongly compactly covered group G, we may assume that G is also totally disconnected, i.e., its connected component c(G) is trivial.
Corollary 7.7. Let G be a strongly compactly covered group, and φ ∈ End(G) be such that c(G) is φ-stable and contains ker φ. Then h alg (φ) = h alg (φ), whereφ : G/c(G) → G/c(G) is the induced map.
In particular, if φ ∈ Aut(G), then c(G) is φ-stable and h alg (φ) = h alg (φ). For the last assertion use the fact that c(G) is a characteristic subgroup of G.
